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II 

Abstract 

We study local asymptotic properties of likelihood ratios of certain Heston models. We 
distinguish three cases: subcritical, critical and supercritical models. For the drift param¬ 
eters, local asymptotic normality is proved in the subcritical case, only local asymptotic 
quadraticity is shown in the critical case, while in the supercritical case not even lo¬ 
cal asymptotic quadraticity holds. For certain submodels, local asymptotic normality is 
proved in the critical case, and local asymptotic mixed normality is shown in the supercrit¬ 
ical case. As a consequence, asymptotically optimal (randomized) tests are constructed 
in cases of local asymptotic normality. Moreover, local asymptotic minimax bound, and 
hence, asymptotic efficiency in the convolution theorem sense are concluded for the max¬ 
imum likelihood estimators in cases of local asymptotic mixed normality. 


1 Introduction 


Heston models have been extensively used in hnancial mathematics since one can well-ht them 
to real hnancial data set, and they are well-tractable from the point of view of computability 
as well, see Heston [8]. 

Let us consider a Heston model 


dUi = (a - bYt) dt + aiVYtdWt, 

dXt = {a- ^Yt) dt + a^VYtiQdWt + ^/l^dBt), 


where a > 0, 6, cc,/? G M, ai > 0, a 2 > 0, g E (—1,1) and is a 2-dimensional 

standard Wiener process. Here one can interpret M as the log-price of an asset, and hj as 
the volatility of the asset price at time t ^ 0. The squared volatility process (c’‘|Yi)t^o is a 
Cox-Ingersoll-Ross (CIR) process. We distinguish three cases: subcritical if 6 > 0, critical if 
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6 = 0 and supercritical if 6 < 0. In this paper we study local asymptotic properties of the 
likelihood ratios of the model fll.ip concerning the drift parameter (a, a, b, (3). 

In case of the one-dimensional CIR process R, Overbeck m examined local asymptotic 

properties of the likelihood ratios concerning the drift parameter (a, 6), and proved the follow- 

2 

ing results under the assumption a G (^, oo), which guarantees that the information matrix 

process tends to inhnity almost surely. It turned out that local asymptotic normality (LAN) 

is valid in the subcritical case. In the critical case LAN has been proved for the submodel 

when 6 = 0 is known, and only local asymptotic quadraticity (LAQ) has been shown for the 

2 

submodel when a G (^, oo) is known, but the asymptotic property of the experiment locally 

at (a, 0) with a suitable two-dimensional localization sequence remained as an open question. 

In the supercritical case local asymptotic mixed normality (LAMN) has been proved for the 

2 

submodel when a G (^, oo) is known. 

2 

For the Heston model (11.11) . we assume again a G (^, oo). We prove LAN in the subcritical 
case (see Theorem 17.11) . LAQ in the critical case (see Theorem 18.11) . and show that LAQ 
does not hold in the supercritical case, although we can describe the asymptotic property of 
the experiment locally at (a, a,6,/3) with a suitable four-dimensional degenerate localization 
sequence (see Theorem 19.11) . In the critical case LAN will be shown for the submodel when 
6 = 0 and /? G M are known (see Theorem 18.11) . In the supercritical case LAMN will be 
proved for the submodel when a G (^, oo) and a G M are known (see Theorem 19.ip . 

If the LAN property holds then we obtain asymptotically optimal tests (see Remarks 17.21 
and 18.2p based on Theorem 15.4 and Addendum 15.5 of van der Vaart |20] . 

If the LAMN property holds then we have a local asymptotic minimax bound for arbitrary 
estimators, see, e.g., Le Cam and Yang [131 6.6, Theorem 1]. Moreover, any maximum likelihood 
estimator attains this bound for bounded loss function (see Le Cam and Yang [131 6.6, Remark 
11]), and it is asymptotically efficient in Hajek’s convolution theorem sense (for example, see, 
Le Cam and Yang [T31 6.6, Theorem 3 and Remark 13]; Jeganathan [ID])- Asymptotic behavior 
of maximum likelihood estimators are described in all cases in Barczy and Pap [3]. 


2 Quadratic approximations to likelihood ratios 

Let N, M, M+, M_|_+, M_ and M_denote the sets of positive integers, non-negative 

integers, real numbers, non-negative real numbers, positive real numbers, non-positive real 
numbers and negative real numbers, respectively. For x, y G M, we will use the notations 
X Ay := min(x,|/). By |]a:|| and ||A||, we denote the Euclidean norm of a vector x E 
and the induced matrix norm of a matrix A G respectively. By G we denote 

the d-dimensional unit matrix. In the sequel and will denote convergence in 

probability, in distribution and almost surely, respectively. 

We recall some dehnitions and statements concerning quadratic approximations to likelihood 
ratios based on Jeganathan [10] , Le Cam and Yang ra and van der Vaart m- 
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If P and Q are probability measures on a measurable space {X,X), then 


dP 

dQ 


: X ^ M+ 


denotes the Radon-Nykodym derivative of the absolutely continuous part of P with respect to 
Q. If {X,X,F) is a probability space and (Y,y) is a measurable space, then the distribution 
of a measurable mapping ^:X^Y under P will be denoted by £(.^ | P) (i.e., £(.^ | P) is 
the probability measure on {Y, y) dehned by C{^ \ P)(i?) := P(^ ^ B), Bey). 


2.1 Definition. A statistical experiment is a triplet (X, dfjlPe : 9 G 0}), where {X,X) is 
a measurable space and {P^ : 6* G 0} is a family of probability measures on {X,X). Its 
likelihood ratio process with base 6*o G 0 is the stochastic process 

(dFe\ 

\dPeo / 5ig0 

2.2 Definition. A family {Xt, Xt, {^e^T ■ d E Q})TeR++ of statistical experiments converges 
to a statistical experiment {X, X, {Pg : 9 G 0}) as T — )■ oo if, for every finite subset H C Q 
and every 9o E Q, 


C 


f f dPe^T \ 
V VdPeo.T/ 



dPg 

dP^o 


e&H 



as T ^ oo, 


i.e., the finite dimensional distributions of the likelihood ratio process ( ) under Pen t 

V ®o.^/ee0 

converges to the finite dimensional distributions of the likelihood ratio process ^ under 

Pgo as T ^ oo. 


0 / eee 


If {Xt,Xt,Ft), Te ]R._i |_, RrG probability sp&cos ciiici i X'j' —y T ^ ]R._| |_, Rro 

measurable functions, then 

/t 0 or fT = opj,(l) as T — )■ cx) 

denotes convergence in (Pr)TeK++-probabihties to 0 as T ^ oo, i.e., Pr(||/T|| > e) —)■ 0 as 
T ^ oo for all e G M++. Moreover, 

/r = Opt(1)5 ^ ^ 

denotes boundedness in (PT)reiR++-probabihties, i.e., supj’gjR^^ PT(||/r|| > K) ^ 0 as 
K ^ oo. 


2.3 Remark. Note that if (r2,M, P) is a probability space and for each T G M_|_+, : Q ^ 

Xt is a random element with I P) = Pt, then fx = Opy(l) as T —)■ oo or /^ = Opj,(l), 
T G M++, if and only if fr^^T = op(l) as T —)■ oo or fr^ir = Op(l), T E M++, respectively. 
Indeed, PT(||/r|| > c) = P(||/t('Ct)I 1 > c) for all T G M++ and all c G M++. Moreover, 
/r = Opt(1), T G M++, if and only if the family {C{fT \ Pr))TeiR++ of probability measures 
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is tight, and hence, for each sequence T„ e M++, n G N, with T„ —)■ cxo as n ^ oo, there 
exist a subsequence Tn^,, k E N, and a probability measure /r on (R^,;B(M^)), such that 
I ^ /i as /c —)■ cxo. In this case, /i is called an accumulation point of the family 
(£(/t I IPT))reM++- 


2.4 Definition. Let Q G ML be an open set. A family {Xt, Xt, {P 0 ,t : & ^ 0})TeR++ of 
statistieal experiments is said to have locally asymptotically quadratic (LAQ) likelihood ratios 
at 0 E Q if there exist (scaling) matrices to t E T G R++, measurable functions 

(statistics) ^e.T '■ Xt -E T E M++, and Je,T ■ Xt -E T G R++, such that 


( 2 . 1 ) 


log 


dP, 


e+rg^ThT,T lTa l.T 


dP 


whenever Ht E 
T E M++, 


e,T 
T E 


— hrp^Q j-——hq^Jg ^hT ~\-Of>g as T —>■ cx) 


>"++ 


, is a bounded family satisfying 6 + rg Thx E 0 for all 


(2.2) {Ag^T, Je,T) — T G M++, 

and for each accumulation point p,g of the family {C{{Ag^T, J 0 ,t) \Mg^T))TeR++ os T ^ oo, 
which is a probability measure on x Mp^p,B{Mp x we have 

(2.3) fig ({(A, J) eM^ X : J is symmetric and strictly positive definite^) = 1 
and 

(2.4) [ exp |h.^A —Jh.| /i 0 (dA, dJ) = 1 

jRPxRpxp I 2 J 

whenever h E M^ such that there exist G R++, k E N, and G R^, k E N, with 
-Eh as fc —)■ oo, 0 + rg^Xk^Xk ^ © for all k eN. 


2.5 Definition. Let 0 C R^ be an open set. A family {Xx, Xx, {Pe,^ : ^ ^ 0})TeR++ of 
statistical experiments is said to have locally asymptotically mixed normal (LAMN) likelihood 
ratios at 0 E Q if it is LAQ at 0 E Q, and for each accumulation point p,g of the family 
{C{{Ag^x,Je,T)\^e,T))T€M.++ as T ^ oo, we have 

[ e‘'^^^/i 0 (dA,dJ) = / e-'^^*^'"/V 0 (dA,dJ), B E B(W^p), HeRP, 

JrpxB JrpxB 

i.e., the conditional distribution of A given J under pg is A/),(0, J), or, equivalently, 
fig = C{{r]gZ,r]griJ) I P), where ; hi — )■ R^ and rjg : Q ^ R^^^* are independent random 
elements on a probability space (hi, X, P) such that C{Z \ P) = Mpif), Ip). 


2.6 Definition. Let 0 C R^ be an open set. A family {Xx, Xx, {P 0 ,r : 0 ^ 0})TeR++ 
of statistical experiments is said to have locally asymptotically normal (LAN) likelihood ratios 
at 0 E Q if it is LAMN at 0 E Q, and for each accumulation point fig of the family 
{C{{Ag^X) J e,T) \'^e,T))TER++ T ^ oo, we have 

he = ■Afp{0, Je) X 
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with some symmetric, strictly positive definite matrix Je G where 5jg denotes the 

Dirac measure on [MP^^, , concentrated in Je- 


We will need Le Cam’s first lemma, see, e.g. Lemma 6.4 in van der Vaart [20]. We start 
with the dehnition of contiguity of families of probability measures. 


2.7 Definition. Let {XtiXt), T G he measurable spaces. For each T G let 

Pr and be probability measures on The family (QT)reK++ is said to he 

contiguous with respect to the family (PT)reR++ if Qt(^t) — t 0 as T ^ oo whenever 
At G Xt, T G M++, such that Ft{At) ^0 as T ^ oo. This will be denoted by 
(QT)TeR++< (IPr)reR++- The families (PT)TeR++ and (Qr)TeR++ are said to be mutually 
contiguous if both (Pr)TeR++ < (QT)reR++ and (QT)TeR++ < (IPr)TeR++ hold. 

2.8 Lemma. (Le Cam’s first lemma) Let {Xt,Xt), T G M++, be measurable spaces. For 
each T G M++, let P^ and Qt he probability measures on {Xt,Xt). Then the following 
statements are eguivalent: 


^T)TeR++ (IPT)reR++i 


(ii) If ^ y as k ^ oo for some seguence {Tk)keN with —)■ cxo as 

T — )■ oo, where v is a probability measure on (M+,i3(M+)), then = 1; 

(hi) If ^ /i as k ^ oo for some seguence {Tk)keN with —)■ oo as 

T — )■ oo, where /i is a probability measure on (M+,;B(M+)), then xfi{dx) = l; 


(iv) £(/t I Qt) ^0 as T ^ oo whenever fT '■ Xt 
functions and C{fT \ Pt) ^0 as T ^ oo. 


T G 




are measurable 


We will need a version of general form of Le Cam’s third lemma, which is Theorem 6.6 in 
van der Vaart [20] . 


2.9 Theorem. Let {Xt,Xt), T G M++, be measurable spaces. For each T G M++, let 
P-r and Qt be probability measures on {Xt,Xt). Let fT : Xt ML, T G IR++, be 
measurable functions. Suppose that the family (Q 7 ’)TeR++ is contiguous with respect to the 
family (Pr)reR++ and 


C 




as T ^ oo. 


where v is a probability measure on (M^ x M_|_,S(M^ x M+)). Then /l(/r | Qt) as 

T —)■ oo, where p is the probability measure on (M^,i3(M^)) given by 

p{B):= f lB{f)Vy{dfidV), B e B{W). 

JrpxR+ 
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The following convergence theorem is Proposition 1 in Jeghanathan HD]. In fact, it is a 
generalization of Theorems 9.4 and 9.8 of van der Vaart [20], which are valid for LAMN and 
LAN families of experiments. For completeness, we give a proof. 

2.10 Theorem. Let 0 C be an open set. Let {Xt, Xt, {^e,T ■ & G 0})TeK++ a family 
of statistical experiments. Assume that LAQ is satisfied at 0 G 0. Let Tk G ffi++, k eN, 
be such that —)■ oo and Pfl.Tfe) Le as k ^ oo. Then, for every 

hjj, G k E N, with -E h as k ^ oo and 6 + rg^Tkhrk ^ © for all A; G N, we have 
,Tk^Je,n) I ^e+re,T^hT^,Tk) Qe,h as k ^ oo, where 

Qg ^(5) := j exp jh^A - Te{dA, dJ), B E B(W x 

Consequently, the sequence Tj, : h G R^})fcgN of statistical experiments 

converges to the statistical experiment (M^ x x {Q^: h E R^}) as k ^ oo. 

Note that for each h G R^, the probability measnres Qg^h. and o are eqnivalent, and 

^^(A, J) = exp I h^A - IrhJjh] , (A, J) eW x 

dQep I 2 J 


Proof. Let (12, A, P) be a probability space and let (A, J) : 12 ^ R^ x R^^^* be a measurable 
function such that T((A, J) | P) = fvg. Using C{{Ag^Tk, Je,Tk) I ^e,Tk) Te as k ^ oo, by 
Slutsky’s lemma. 


C 


dP, 


a+re,Tf,h,Tk 


dP, 


0,Tk 


Fg^Tk ) ^ /I ( exp <j h^A - -h^Jh 


as T —!■ cx). 


By (I2.3p and (12.4p . applying Lemma [T8| we conclude that the sequences (P^+rg y^h,rs,)fceN and 
{^e,T^)k£n are mutually contiguous. Therefore, for each h, ho E R^, the probability of the set 
on which we have 

dPe+^g dPe+^g h.Ti, dP^+^g 

dP-^ HP -log-’ 

arg+re,T^,ho,Tk 


converges to one. By fl2.ll) . we obtain 


dFg+rg^T^,h,n ,, 

log — - - -= [h 


dP 


hr 


\T 


0+rgTi^ho,Tk 


^0Tk - JoTk^ + 2^0+ Opg_j,(l) 


as T ^ oo. 


Hence it suffices to observe that C{{Ag T^,Jg^Tk) \ ^e+rg T^.h,Tk) ^ Qe,h as k ^ oo for all 
h G R^ follows from Theorem 12.91 □ 

The following statements are trivial consequences of Theorem 12.101 and they can also be 
derived from Theorems 9.4 and 9.8 of van der Vaart |20j . 
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2.11 Proposition. Let 0 C be an open set. Let {Xt, Xt, {Pe,T ■ G £ 0})reK++ be a 

family of statistical experiments. Assume that LAMN is satisfied at 0 G 0. Let Tk G M++, 
k eN, be such that C{{A 0 ^t^, Je^Tk) I ^ t^i.i.VeZ^'qe'ne) 11 ®) k ^ oo, where Z : 

12 —)■ and rjg : Q ^ Rp^^ are independent random elements on a probability space (12, X, P) 

such that C{Z \ P) = A/J,(0, Ip). Then, for every Ht^ G R^, k eN, with -E h as k ^ oo 
and 6 + re,T^,hT^, G 0 for all k eN, we have C{{Ae,Ti,, Je,Tk) I ^{{poZ + 

pgpjh,p 0 pl)\^) as k ^ oo. Consequently, the sequence {Xt^, Xt,^, {Fg^re Tf.hTk ■ ^ ^ 
I^^})reR++ of statistical experiments converges to the statistical experiment (R^ B{Wp x 

W’^P),{C{{pgZ+ p 0 Pgh,pgpJ)\F) : h eW}) as k ^ oo. 

2.12 Proposition. Let 0 C R^ be an open set. Let {Xx, Xx, {Fg^x ■ G E 0})TeiR++ 

a family of statistical experiments. Assume that LAN is satisfied at G E Q. Let Tk E 
R++, k E N, be such that C{{Ag^Xk, J 0 ,Tk) ^ Afp{f^,Je) x os k ^ oo with 

some symmetric, strictly positive definite matrix Jg E R^^^. Then, for every hx^. E R^, 
k E N, with hxf. -E h as k ^ oo and G + Vg^x^^Xk ^ © for all k E N, we have 
C{{Ag^XkJ J 0 ,Tk) I ^ -^p^J 0^1 J 0 ) X ^jg as k ^ OO . Consequently, the sequence 

{Xxi^, Xxi^, {Fgxre T^,h,Tk ■ h E R^})reiR++ of statistical experiments converges to the statistical 
experiment (R^, B{W), {J\fp{Jgh, Jg) : h E R^}) as k ^ oo. 

3 Asymptotically optimal tests 

3.1 Definition. A (randomized) test (function) in a statistical experiment {X, X, {Fg : G E 
0}) is a Borel measurable function 0 : X —)■ [0,1]. (The interpretation is that if x E X is 
observed, then a null hypothesis Hq G Q is rejected with probability 4>{x).) 

The power function of a test cf) is the function 9 0(x) P0(da:). (This gives the 

probability that the null hypothesis Hq is rejected.) 

For a E (0,1), a test 0 is of level a for testing a null hypothesis Hq if 


{/. 



sup 


If the LAN property holds then one obtains asymptotically optimal tests in the following 
way, see, e.g.. Theorem 15.4 and Addendum 15.5 of van der Vaart [20] . 

3.2 Theorem. Let 0 C R^ be an open set. Let {Xx, Xx, {P 0 ,t : G E 0})TeiR++ be a family 
of statistical experiments such that LAN is satisfied at Gq E Q. Let Tk G R++, /c G N, be 
such that £((A 0 Q^Tfe 5 '^ 0 o,Tfe) I Peo.Tfe) ^ Ap(0, X as k ^ oo with some symmetric, 

strictly positive definite matrix Jg^ E Let 0 : 0 —)■ R be differentiable at Gq E Q with 

0(0o) = 0 and 0'(0o) 0. Let a E (0,1). For each k eN, let 0^ : Xx^. -E- [0,1] be a test 
of level a for testing Hq : 0(0) 0 0 against Hi : 0(0) > 0, i.e., it is a Borel measurable 
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function such that 


sup 




f>k{x)'Pe,T^,{dx) : 6 eQ, ^ 0 > ^ a. 


Then for each hEM^ with {'if\6Q),h) > 0, the power function of the test (pk satisfies 

{f^'{Oo),h) 


limsup / (j)k{x) ¥eo+rg^^T^h,n{dx) ^ 1 - $ - 


fc^oo J Xx 


Ji:ne«),neo))_ 


where $ denotes the standard normal distribution function, and Za denotes the upper a- 
quantile of the standard normal distribution. 


Moreover, if Seo,k ■ ^ /c G N, are Borel measurable functions such that 

(j;>'( 0 „),v-'(eo)> 

then the family of tests that reject for values Se^^^k exceeding Za is asymptotieally optimal 
for testing Hq : 'if {6) ^ 0 against Hi : 'if{0) > 0 in the sense that for every h E MP with 
{'if'{eo),h)>o. 



XI), kEN, 


F{Seo,k{x) ^ ^a) 1 - $ 





Jey'{0o),i^'{0o)), 


as k ^ oo. 


4 Local asymptotic minimax bound for estimators 

If LAMN property holds then we have the following local asymptotic minimax bound for 
arbitrary estimators, see, e.g., Le Cam and Yang [1316.6, Theorem 1]. 

4.1 Proposition. Let 0 C be an open set. Let {Xt,Xt, : 0 ^ 0})TeK++ a family 
of statistical experiments. Assume that LAMN is satisfied at 6 eQ. Let Tk E M++, k eN, 
be such that C{{A.e,Tky Je,Tk) iPe.T*,) ^ kl{{jjeZ,rjer]J) | P) as fc —)■ oo, where Z : Ll ^ W 
and rjg : Q ^ are independent random elements on a probability space (12, X, P) such 

that C{Z\F) = Xp{0,lp). Let w :W ^ M+ be a bowl-shaped loss function, i.e., for each 
c E M+, the set {x G : w{x) ^ c} is closed, convex and symmetric. Then, for arbitrary 
estimators (statistics, i.e., measurable functions) Ot '■ Xt -E T G M+, of the parameter 
0, one has 

lim liminf sup [ w(rgi(6T^{x) - 0)) P 0 ,Tfe(da;) ^ E[w{{r]g)~^Z)]. 

c^oo fc^oo {,,^XT^,\\r^)r^{eTAA-e)Hc}JXT^ 

Maximum likelihood estimators attain this bound for bounded loss function w, see, e.g., 
Le Cam and Yang [131 6 . 6 , Remark 11]. Moreover, maximum likelihood estimators are asymp¬ 
totically efficient in Hajek’s convolution theorem sense (for example, see, Le Cam and Yang 
[131 6 . 6 , Theorem 3 and Remark 13]; Jeganathan [TU]L 








5 Heston models 


The next proposition is about the existence and uniqueness of a strong solution of the SDE 
(Dll. see, e.g., Barczy and Pap [3l Proposition 2.1], 

5.1 Proposition. Let P) be a probability space. Let (fPt, be a 2- dimensional 

standard Wiener process. Let {rjo, (q) be a random vector independent of (Wt, 
satisfying P(?7o ^ I^+) = 1- Then for all a e M++, b,a,P e R, (71,0-2 e M++, 
g G ( — 1,1), there is a (pathwise) unique strong solution of the SDE fll.ll) 

such that P((lo,-^o) = iVoXo)) = 1 ^ for oil t G M+) = 1. 

Based on the asymptotic behavior of the expectations (E(P)), E(Xt)) as t ^ oo, one can 
classify Heston processes given by the SDE fll.ip . see Barczy and Pap [3]. 

5.2 Definition. Let {Yt, Xt)t£]s._^ be the unique strong solution of the SDE fll.ip satisfying 

P(yo ^ ®+) = 1- We call subcritical, critical or supercritical if b G ®++j ^ = 0 

or b ^ M_, respectively. 

The following result states ergodicity of the process (P))ieR+ given by the hrst equation 
in fll.ip in the subcritical case, see, e.g., Cox et ah [6l Equation (20)], Li and Ma [HI Theorem 
2.6] or Theorem 4.1 in Barczy et al. [2]. 

5.3 Theorem. Let a, b, ai G M++. Let (Li)teR+ be the unique strong solution of the first 
equation of the SDE fll.ip satisfying P(Lo ^ ®+) = 1- 

T) 

(i) Then Yt —?■ Yoo os t —)■ oo, and the distribution of Y^ is given by 

(5.1) E(e-^^-)= (^l + ^Aj , AgM+, 

i.e., Yoo has Gamma distribution with parameters ‘lala\ and Tb/al, hence 

P(^ + k) 

EfE''') = — i _— 

(|frr(||) 

Especially, E(y'oo) = f- Eurther, if a & (^,cxo]), then E(^) = 

(ii) Eor all Borel measurable functions / : M —)■ M such that E(|/(Foo)|) < cxo, we have 

(5.2) ^ £ /(n) ds ^ E(/(y^)) as T ^ oo. 
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6 Radon—Nikodym derivatives for Heston models 


From this section, we will consider the Heston model fll.ip with hxed ai, 02 G M++, q G (—1,1), 
and fixed initial value (Yq, Xq) = (r/o, Xq) G M+_|_ x M, and we will consider 6 := (a, a, b, (3) G 
X =: 0 as a parameter. Note that 0 C is an open subset. 

Let Pg denote the probability measure induced by (Yt,Xt)t£R+ on the measurable space 
(C(M+, M^), M^))) endowed with the natural filtration {Qt)teM+, given by Qt '■= 

t G M+, where : C'(M+, M^) ^ C(M+, R^) is the mapping ipt{f){s) : = 
f{tAs), s,tGR+, /gC(R+,R^). Here C(R+,R^) denotes the set of R^-valued continuous 
functions defined on R+, and H(C(R+,R^)) is the Borel a-algebra on it. Further, for all 
T G R++, let Pe^T := ^oIgt be the restriction of Pe to Qt- 

Let us write the Heston model fll.ip in the form 


dl7 


a-617 

dt + \/l7 

CTi 0 

dlVi 

_dVi_ 


1 

P 

1 

0-29 (J2\/1-Q^_ 



In order to calculate Radon-Nikodym derivatives for certain 0, 0 G 0, we need the 

following statement, which can be derived from formula (7.139) in Section 7.6.4 of Liptser and 
Shiryaev [15], see Barczy and Pap [3l Lemma 3.1]. 


6.1 Lemma. Let a, a G [^, 00 ) and b,b,a, a, (3, (3 G R. Let 0 := {a,a,b,(3) and 0 := 
(a,a,b,(3). Then for all T G R++, the measures ^e,T and P^^ are absolutely continuous 
with respect to each other, and 


log 


dP 


e,T 


dP, 


6»,T 





' {a - bYg) - 

1 

.o 

1 

T 

5-' 

'dF/ 

Jo Yg 

{a - fiYg) - 

(a - fiYg)_ 


_dX,_ 


where 

(6.2) 


1 7^ 1 (a — bYg) — (a 
^Jo Yg {a-]fYg)-{a 


bYg) 


{a - bYg) + (a - bYg) 
(5 - ^Yg) + (a - l3Yg) 


-1 

0 

_ 1 


(Ti (72 P 


af pcTiCTa 

to 

1-^ 

1 

to 


1 

0 

1-^ 

1 

1 to 


pcri(T2 a 2 


Moreover, the process 


(6.3) 


dP^\ 
dP0,T / TeK+ 


is a ¥ 0 -martingale with respect to the filtration (^r)reiR+- 


The martingale property of the process 06.31) is a consequence of Theorem 3.4 in Chapter 
HI of Jacod and Shiryaev [9]. 
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In order to investigate convergence of the family 


(6.4) := ; 0 G M++ x 

of statistical experiments, we derive the following corollary. 


Corollary. Let 


, 00 ), 

b, a, fd 

G M 

and T G M++. Put 

e := 


J" 0,T^ 

0 

0 

0 


hr,! 

re,T = 

0 

f e,T,2 

0 

0 

G hr = 

hr ,2 

0 

0 

f e,T,3 

0 


hr ,3 


0 

0 

0 

f’ e,T,A_ 


A,a_ 


such that a + rg^T,ihT,i £ 
dP, 


)-,cxo), then 


log- 


0+re,ThT:T _ uT A i\/ v\ ^l,T 


dP, 


e,T 


{Y,X) = h^Ae,T{Y,X) - -h^j0,T{Y,X)hT, 


where 


^6»,r(h", X) :— re,T I I 2 


a I (T 2 P 

0 CTav^l - 


Jo vn 


/c 


0 VY 


- x/lTdhh. 

- ^/nd5, 


and 


JeAY^X) ■.= re,i 


/< 


ds 

0 y, 


-T 


5^' 


^6»,T, 


-T /;ndsj 

where A ® B denotes the Kronecker product of matrices A and B. Consequently, by 
Remark \K3. the quadratic approximation fl2.ip is valid. 

Proof. Using equations fl6.ip . we get 

dP, 


log 


e,T 


dP, 


e,T 


iY,X) = 


r f- 

1 

1 

1 

( 'o-) 

1 

cs- 

_1 

T 

(Ji (J 2 P 

-1 

dw; 

Jo vz 

{a - a) - A - (3)Ys_ 


_0 cr2v^l-p2^ 


_dBs_ 


1 

2 


fv 

1 

1 

1 

1 

1 

0“ 

T 

1 

1 

1 

) 

1 

_ 1 

Jo Yg 

{a - a) - {(d - (d)Ys_ 


{a - a) - {(d - /d)Ys_ 


ds. 


Writing r = ro,T and h = Ht for the sake of simplicity, we obtain 

CFe+rh,T j 
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where 


r- 

rihi - rshsW 

T 

CTi a2Q 

-1 

dw; 

Jo vz 

r2h2 - TihiYs 


1 

o 

1 

to 

1_ 


d5. 



rihi - rshaW 

T 

5-1 

rihi - rshsW 

Jo Z 

raha - r^hiYs^ 


raha - rihiYs_ 


We have 


hence 


and 


\/W 


rihi - r^h^Ys 
r2h2 - r^hiYs 


\/W 


hi 

h2 


T r 


ri 0 
0 ra 


\/W 


hs 

^4 


rs 0 
0 r4 


h = 


1 

1—1 

1_ 

T 

ri 

o’ 

.^2. 


0 

ra_ 


(Ti a2Q 

0 CTav^l - 


-1 

■ fT dW/ 

Jo 

J 

r'T dB, 

.Jo 


hs' 

T 

rs 0 

cTi o■a^? 

-1 

'-Lv%dw; 

h4 


0 r4 

O 

1 


_-/„^x/Wd5,_ 




r -1 T 


I _ r is 


hi 

h2 


ri 0 
0 ra 




ri 0 
0 ra 


hi 

h2 


r n T 


-T 


hi 

h2 


ri 0 
0 ra 




rs 0 
0 r4 


hs 

hi 


'hs 

T 

rs 0 


ri 0 


’hi’ 

r 

'hs 

T 

rs 0 


rs 0 


'hs' 




5-1 




+ / W ds 




5-1 




hi 


1 

o 


1 

0 

to 

1_ 


.^ 2 . 

Jo 

hi 


1 

0 


1 

0 


hi 


+ T 
= Je,T{Y,X), 

hence we conclude the assertion. 


□ 


7 Subcritical case 

2 

7.1 Theorem. If a E (^,oo), b G M++, and a, (3 G M, then the family (£’r)reR++ 
of statistical experiments, given in fl6.4p . is LAN at 6 := {a,a,b,(3) with scaling matrices 
f'e,T '■= T G M++, and with information matrix 


Je ■■= 



-1 

E(yoo) 


(8)5”\ 
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Consequently, the family (C'(M+, M^), i3(C(R+, G M^})TeK++ of statistical 

experiments converges to the statistical experiment (M^ x x {^/^{Jgh, Jg) : 

h G R"^}) as T ^ oo. 


Proof. By part (i) of Theorem 15.31 E(yoo) = f and E and hence, part (ii) of 

Theorem 15.31 implies 

(7.1) y,ds^E(roo) and ^ ^ ^ as T ^ cx). 

Thus, using rg^T = ^{l2® I2), T e R++, and applying the identity (A ® B){C ® D) = 
(AC) 0 {BD), we obtain 


Jg^T{Y,X) = {l2®l2 


i as 
T Jo Vs 


-1 


5-' (I2 ® I2) 




Moreover, 


1 E(i;o) 

/c 


S ^ = Jg as T —)■ cx). 


JVIt — 


0 yn 

fT 

Jo ^/Ys 


- fj' VZdB, 

is a 4-dimensional continuous local martingale with quadratic variation process 


T G 


^+5 


(M}t = 


as 

Jo Ys 


-T Vr.ds 


I 2 , J ^ 


By (ITT]), we have 


T 


{Mh 




-1 E(no) 


as T —)■ cxo. 


Hence, Theorem I A. II yields 
1 


Mt A A/; I 0, 


Vt 




-1 

-1 HYoo) 


as T ^ 00 , 
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consequently, as T —)■ cx), we have 

^e,T{y, = 


Vt 


a I a 2 Q 

0 £72^1 - 


V 


(Ti a2Q 

0 a 2 \/^ - 


-IN 


M 0, 


E 


Ml 


V 


= A4 0 , /2 


-IN 


X lo 


a I a 2 Q 
0 0 - 2^1 - 


(Ji (J2Q 

0 0 - 2^1 - 




-1 




-1 

E(yoc 

-1 

E(yoc 


Thus, 


= M 0, 


E 


1 

Voo 

-1 


-1 

E(Foc 


1-1 


— A/4(0, J 0 ) 


I IP0,t) ^ A/'4(0, Je) X ( 5 jq as T — )> 00, 

yielding by Remark 12.31 that the family (£^r)TeK++ of statistical experiments is LAN at 6 . □ 

7.2 Remark. Applying Theorem [32] for the functions 'ilJi{a,a,b, {3) := a —Oq, ■^ 2 ( 0 , a, /S) : = 
a — do, '^ 3 ( 0 ., a, b, (3) := b — bo, and a, b, (3) := (3 — (3o, (a, a, b, (3) G M++ x M^, we 
obtain that the family of tests that reject for values 

\/ 2 ao 


(1) __ V ^gp - o 1 

Jo 


S, 


( 2 ) 


\/ 2 ao 


ext 


cricx2\/ajAjT 




(3) 

00 ,T ■- 


flo ~ boYg 

n 

Oo ~ boYg 

2 


[dy,-(ao-6on)d5]. 


[dX, - («o - f3oYs) ds]. 




(4) f 


2 ao - cr(- 2 boYs 
Ys 

rT o„ ^2 


[dY; - (oo - boYs) ds]. 


cricx 2 \/ 26 oT 


'0 


2 ao - o-f - 2boYs 

Y 


[dX, - («o - (3oYs) ds]. 


exceeding Za, respectively, are asymptotically optimal for testing : a ^ Oq against 

: a > ao, : a ^ ao against : a > ao, : b ^ bo against iL® : b > bo, 

and : 13 ^ Po against : (3 > (3o, respectively, where 60 = {ao,ao,bo, (3o) with 
aoG(^,oo), 60 £ IR++, ao,/do£l^- Indeed, 


= 


e(A) 

-1 

-1 

2ao - al 

1 

5“l ^ 

0 |o 

1 

-1 

E(yoo) 

^ Q 

1 

2bo 

2ao—cr^ „ 
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hence 


Jel^00,T - 



-1 


-1 

E(i;o) 



1 



(^ 2 Q 

(^2^1 - 


-IN 




1 

vf 


E (>t) -1 ' 

-1 

(Ti 0 

] r( 

1 

-1 E(Foo) 


a2Q a2\/l-Q^_ 

) Jo \ 

-Vn. 


diy.l A 



CTl 

(^20 


<72^1 - 


dB, 


dh; - (oo - boYs) ds 
dXs - (ao - /3oYs) ds 


1 

VT 


nT 

( 2 ao—o-^)(ao—boYa) 


'dn 

- (oo - boY,,) ds 


afboYs 

6 d 

lo 

( 2 ao-crf- 2 boVs) 

a'fYs 


dX, 

- (oo - /^od^s) ds_ 


where we used 


(Ti 0 

dlh; 

1 

di; - (ao - boYs) ds 

a 20 o- 2 \/l- 0 ^_ 

_d5,_ 


_dX,. - (do - /doYs) ds_ 


following from flQH) . and (V'i)'(ao, ao, ^o, /do) = e^, i ^ {1, 2, 3,4}. 


8 Critical case 


2 

8.1 Theorem. If a & (^,cx)), 6 = 0, and a,/? G M, then the family (i^r)TeK++ 

statistical experiments, given in 06.41) . is LAQ at 6 := {a,a,h,{3) with scaling matrices 


re,T ■— 


1 




0 d 


■ 2 , 


T G 


N++) 


and with 

( 8 . 1 ) 

where 

Ae := 


{Ae,T{y, X), Je,T{y, d^)) A {Ae, Je) as T ^ oo, 


a- T 


- 1/2 


■Y-1 


(Ti a2g 
0 a2^/l - Q^_ 

a-y^ 

a — Xi 


-1 


Je := 


a- T 


0 !lysds 


s-\ 
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where Xt)t£R+ is the unique strong solution of the SDE 


( 8 . 2 ) 


dyt = adt + ai^tm^u 

dXt = adt + a 2 ^/yt{Qd'Wt + ^/l^^dBt), 


with initial value ( 3 ^ 0 ,'^o) = (0,0), where is a 2 -dimensional standard 

Wiener process, Z 2 is a 2-dimensional standard normally distributed random vector in¬ 
dependent of ((Vi,/o ytdt,Xi^, and S is defined in (16.21) . Consequently, the family 
(C(R+, M"^), i3(C(M+, M^)), {Pe+rg ^ h G M^})TeM++ of statistical experiments converges 
to the statistical experiment (M'^ x x : h G M'^}) as T —)■ 00 , where 

Qe^niB) := E (^exp Ae - ^h'^Jeh^ IsiAe, Je)^ , B G B{W x h G 

If b = 0 and /? G M are fixed, then the subfamily 

2 

(c{R+,R^),BiCiR+,R^)), |Pe,T : a G (^, 00 ), a G 

of statistical experiments is LAN at {a, a) with scaling matrices := --A=l 2 , T G 

IR++, and with information matrix := ( 0 , ~ . Consequently, the family 

(C(R+, M^), S(C(M+, M^)), {P 0 +/i/yiogT,T • ^ E^})TeR++ of statistical experiments converges 

to the statistical experiment (R^ x R^^^,i3(R^ x R^^^), {A/ 4 ( ^) : hi G R^}) as 

T —)■ 00 , where h ;= {hi,Oy G R"^. 


Proof. We have 


Ae,r(V',X) 


1 


VWr 


0 



a I (72 p 

0 0-2^1 - 


-IN 


Jo VW 
f-T ^ 
Jo vn 


- ^/WdW, 



0-1 

0 


0-2 2 

o-2\/l - 2^ 


-A 

/ 


rT dWs 

Jo VYs 

wwc 

rT dBa 

Jo VYs 

wwc 

ff VY^dWs 

iffysdsf''' 

ff VY^dBs 

\ffys<Jsy'\ 
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and 


Je,T{y^^) = 


1 n 


yiogd' 

0 d 

_ 1 

cT"^ 


/< 


0 y* 


-T 


1 rT ds 


logT 


ds _ 

Jo y, 


1 


It is known that 
(8.3) 


y/X^ T2 Jo 


ds 


VIdgT 


-T /„y,ds 
®S-‘. 


S-" 




0 


log T Jo n 


a - as j —^ cx), 

2 


see, e.g., Overbeck [13 Lemma 5] or Ben Alaya and Kebaier [3 Proposition 2]. Consequently, 
will follow from 


/c 


0 py 


/c 


0 py Jo 


/o^VndhP. Jo'^VZdB, Yt 1 


,7^,7^/ nds 


(8.4) 


D 


Vi-a 


' 2 , 


c^i(/o'3.cis) 


1/2 


,^3,3^1, / 


as T —)■ cxo, where Z 3 is a standard normally distributed random variable independent of 
{Z 2 ,yi, Jq ysds). Indeed, 


^^0,T ^s)se[O,T]),J0,T ((Y.,x,) ^ 6 [ 0 , 

where, by (16.21) . 


V 


[y^e, J 6 


Afl ;= 


( 


VL 


,2X-1/2 


a-^ 


(/o'y^ds) 


\ 1/2 


n ~1 


(Ti a 2 Q 

0 a2\jj - 


\ 


as T —)■ cx). 


^2 

g-yi 


0-1 (/o' y ds 

-Z 3 


1/2 


1-1 


\-l/2 

(Tl (72 P 

) 

_0 Cr2v^l-p2^ 


a-3i 

3i)- 

(^2^1 “ ^^^3 (j 


-1 -1 


1/2 


T) 

and (Ae, Je) = (Ae, Je), since 

0-2P 3i - a , (72^1^-^ v 1 P 


3^1, / 3Jsds,—- 1 —h ,<2 

Jo *^1 /q 3^8 ds ((Vs ds) 


Z3)£(y,/yd.| 


Ai — a 


3s ds 
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and Z 2 is independent of (Z 3 , ds) and of (J^i,/ q^ ds, dfi), see Barczy and Pap 

[3l Equation (6.9)]. 

We will prove fl8.4p using continuity theorem. We have 

(8.5) ai = log It - logyo + ^ ^ ®+’ 

see Barczy and Pap [31 Formula (6.16)]. By (II.Ih and by the assumption 6 = 0, we obtain 

CTi [ V^sdWs = Yt - Vo - aT, T e M+. 

Jo 

Consequently, Jq and \/YsdWs are measurable with respect to the a-algebra (j(ys, s G 
[0,T]). For all (ui,M 2 ,Ms,M 4 W 1 W 2 ) G M® and T G M++, we have 


I exp<( iMi . ,,. 1/2 + i«2tt^f- 7:TT72 + ^^3TT72 + , x 

(Jo ^^ds) 


■T ds\V2 


(/„ g) 


(YU)''"""'"" 


. la" ^/KdB. 

d^r.dY" 


+ ivi^YT + iv2^ 


Y.ds 


Yg, s G [0, T] 


SiVY.m. 


= exp< mi 


T ds\l/2 


(h g) 


X E exp < i 


+ iws 


U 2 




'» Ufa"ll)''"^Ufa"YY'"''“J 

l"VYdW. 


Ui 




VYg\dB 


= exp< iMi 


Wds 


W, s G [0, T] 


T ds\l/2 


(h g) 


+ iws 




^ + mi-rT + iM2y / Wds 


X exp<( -- 


u 


2 1 


+ 


Ua 


Yg + 


2 U 2 U 4 


'0 


Ia"Y‘ fa"Ydt ■ Y^fa"r.dt) 


1/2 


. fo Vn , • Jo 

= exp< mi-T^ 7 rT^^ 7 T 77 + 1“3 


Y dW, 

Jo VK 

(YU)''" 

1 


lo VZdWg 1 1 

y + IMl-Pr + IM2- 


(/„ Ud.) 

TU 2 U 4 


rjA2 


I ds 


nds 




where we used the independence of Y and B. Consequently, the joint characteristic function 
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of the random vector on the left hand side of fl8.4l) takes the form 

(i: 


e| exp<| mi , + m 3 " .-,/o + 1^4 


(Jo f!) 


ifi—F t + m2 7;;;T / F^ds 


(Jo ^^ds) 


1/2 


(Jo 


1/2 


T 


rp2 


= e Fi+«l)/2 E exp< ^t(mi, M 3 , mi, 112 ) 


TU 2 U 4 


(/cTf 


1/2 


where 




^t(Mi,M3,Mi,M 2) := iMi- 


+ m 3 


(lyy.dy''' 

Ben Alaya and Kebaier 0 proof of Theorem 6 ] proved 
/log Ft - log 1/0 + (^ - a) /c^ 


+ mi-FT + m 2 ^ / F,ds. 






K.d. 


T> 


0-1 


=Fi,3^i, / 3^,ds 


a- ^ 


as T —)■ cx), where Fi is a 1 -dimensional standard normally distributed random variable 
independent of fyi,f^ytdt). Using flS.Sp we have 


r'T dw. 

Jo VY7 

rT ds\l/2 


1 1 
VlogT fTl 


(log Yt - log j/j + (4 - a) ff) 


and, by fl8.3l) . we conclude 

( lyw.dw, Yt 1 
\( 

( 8 . 6 ) 


1/2 


T G 


^++, 


yi-a 


Fds 


V 


Zi, 


1 / 2 ^ 


, A’l, / J^sds as T -)■ 00 , 


(Ti 3^. ds^ 

thus we derived joint convergence of four coordinates of the left hand side of fl8.4p . Hence 

E(exp{^T(Ml,M3,Ml,M2)}) 

(8.7) , f. ^ . 3^1 - a 


—)■ E( exp< iuiFi -|- m 3 - 

CTi (/o 3^, ds) 


\l/2 


+ mi 3^1 m 2 / ys ds 
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as T —)■ cxo for all (mi, M 3 , ui, ^ 2 ) G Using | exp{,^T(Mi, ^ 3 , '^ 2 )}! = 1, we have 


E exp<( ^t{ui,U 3 ,vi,V 2 ) 


TU 2 U 4 


do fffo r<*) 

<E| |exp{ 5 T(Mi,t‘ 3 it'i.*’ 2 )}l exp. 

Tu2Ui 


- E(exp{^T(Mi, U 3 , Vi, M 2 )}) 
TM 2 M 4 


ilovJoy^^i) 


1/2 


= E 


exp< 




1/2 


—!■ 0 as T —)■ 00 , 


by the moment convergence theorem (see, e.g., Stroock m Lemma 2.2.1]). Indeed, by fl8.3p . 
), continuous mapping theorem and Slutsky’s lemma. 


exp< 


TU 2 U 4 


(/„ ff/o 

as T —)■ cxo, and the family 


- 1 


exp< 


M 2 M 4 




logT Jo Yt T‘ 


/o 


- 1 


0 


exp< 


TM 2 M 4 


U /2 


- 1 


is uniformly integrable, since, by Cauchy-Schwarz inequality. 


, Te 




exp< 


TU 2 U 4 




exp< 


TIM 2 M 4 I 


for all T G M++. Using 08.71) . we conclude 




1/2 


+ 1 ^ exp{|M2M4|} + 1 


r'^ dWa r'^ dBs r-T ttj/ 

Jo x/K . . Jo x/K . . Jo vUsdkU 


TIT I J • -^0 \/U I • Jo VT7 I 

E exp<^ mi , ,1/0 + 1 J ^2 , 72 . xi/2 +^^ 3 \ rr .M 2 ' , T .M 2 

(Uff)' (Sl¥f dlYid''" 


j; VKdB, 

+ m4- 


+ iMl^UT + iM2^ 


Kds 


^ e 


Ui+«l)/2E(expJ iMiZi + m3- 


3^1-0 


+ iMi3^i + iM 2 / ys ds 


CTI 3^. ds) 

as T —)■ cx). Note that, since Zi is independent of (3^i,/ q^ 3^s ds), we have 
e-(“^+“')/2 E(^exp|miZi + m3- ~ + iui^i + m2 y. dsj^ 


(Ti (/o' 3^. ds) 


= E(e™i^i) E(e™2^2) E(e’“3^3) E( expi m 3 


3 ^ 1 -a 


/ 1 \ 1/2 

(fo dsj 


+ iMi^i + iM 2 / ds 
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where {Z 2 , Z 3 ) is a 2 -dimensional standard normally distributed random vector, independent 
of (Zi, 3 ^ 1 , Jq ds), thus we obtain fl8.4p with Z 2 ;= (Zi, Z 2 ), and hence fIS.ip . which yields 


It is known that IP(/q^ ds G = 1 (which has been shown in the proof of Theorem 

3.1 in Barczy et al. DP), hence fl2.3p holds. Finally, fl2.4p will follow from 


( 8 . 8 ) 


E ( exp ^ Ae — Jgh |> ) = 1 


for all h, G Writing h={hi,h 2 )^, h.i,h. 2 GM^, and using the independence of Z 2 and 
(W, Jo yt dt, dfi), we have 


E ( exp <j hyAe - -h^ Jgh )■ ) = E 1 E 2 , 


where 


Zi ;= E I exp <J (a - hj 


-I -1 


a I (T2P 

0 0 - 2^1 - 


hJS-^h, 


Tc ?-1 


£'2 := E exp < h ,2 /S' 


a-W 

a — Afi 


Wds 1 hlS-^h 


The moment generating function of the 2-dimensional standard normally distributed random 
vector Z 2 has the form 


(8.9) 


E(e 


^ glhld/2 


V G 


since 




2 tt 




27r 


Wx-vW^/2+\\v\\'^/2 _ ^\\v\\^/2^ 


Applying this with 


= 1 a — 




2 \ - 1/2 


h[ 


T 


(Ji a2Q 

0 ( 72^1 - 


-1 


.T„ 




2\ -1 


\v\\~ = V ' V = \ a —hj S ^hi, 


we obtain £1 = 1 . Using Corollary [62] for the process (W, A’t)igR^ with 


re.T = r : = 


0 0 
0 1 


Ht = h 


we obtain 


dP, 


log X) = h' Ag,T{y, X)-^h' Jg^riy, X) h, 

(IK Q T ^ 


1 
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where 


h^^eAy^^) = h 


T 


0 0 
0 1 


a I a2Q 

0 (72^1 - 


-IN 


f'T dV^ 
Jo V34 


/c 


T ^ 
0 v04 


-JoVT.dW, 

-/o^x/JNdS, 


= —h 


T 


(7l (72 2 

-1 

734d>v7 

= -hIS~^ 

(7i 0 


7o^ 734d>v7 

0 

<7 

1 

to 


_/o^734dS._ 


(J 2 Q ( 7271 -2^_ 




Tc ?-1 


= h;s 


aT-yr 

oiT — Xj’ 


and 


h7j0AyA)h = h? 


0 0 
0 1 


A hi 
Jo ys 


-T 


-T foysds 




0 0 
0 1 


I 9 h 


y,ds 1 hlS-^h 


By Lemma [6.11 the process 


dPe+r/i.T 


To-l 


jp (3^,*^)) ={exp{AS 
(i^ 0 ,T J Tm+ 


aT-yr 

(yT — Xx 


3^,ds 1 hlS-^h 


TeR+ 


is a martingale, hence 

E2 = 




and we conclude that the family (i^T)reR++ of statistical experiments is LAQ at 6 . □ 

8.2 Remark. If 6 q = (oq, ao, /^o) with oq G (^,cxo), feo = 0 and a^Ao ^ then 

applying Theorem 13.21 for the functions '0i(a, a, h, (3) ■= a — Qq and ' 02 (a, «, b, (3) ■.= a — a^, 
(a, a, b, (3) G M++ x we obtain that the family of tests that reject for values 


( 1 ) __ ^ 2 ao - af dF^ - (ap - bpYs) ds 

^“’^■“(71721517 70 7 

^( 2 ) _ 72^0 - A A *3-^^ “ (“0 “ AYs) ds 

^^“’^•“(72721517 70 7 
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exceeding Za^ respectively, are asymptotically optimal for testing : a ^ Oq against 

: a > ao, and : a ^ ao against : a > ao, respectively. Indeed, ^ = 

ao-i)s, 


^ 00 ,T 


1 

n 


VlogT 


0 

1 

T. 


7 

1 

Viog T 

o’ 

1 

0 

1 

T. 


a I (72 p 

0 a 2 ^/^ 


1 

vy; 
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dF^ - (ao - boYs) ds 
dXs-{ao-/3oYs)ds 


where we used 


(Ji (72 p 

-1 

dix; 

= S~^ 

(7i 0 

dix; 

-5-' ^ 

dn - (ao - boYs) ds 

_0 a 2 \/l.g^_ 


_dBs 


a 2 g (T 2 v'I-g‘^_ 

_d5,_ 

A 

dX,-(ao-/Son)dsJ 


following from flG.ip . thus 


A-1 _ c-i 

T - 


"6>o,T 


Ys./Wr 


'0 


dFs - (ao - hoYs) ds 
dX, - (ao - /Son) ds 


hence 




la ^ 

dn - (ao - boYs) ds 


_dXs - (ao - PoYs) ds_ 


and 'ipi{ao,ao,bo,/3o) = Si, ze{l,2}. 

9 Supercritical case 

2 

9.1 Theorem. If a E b G M_, and a,/? G M, then the family (St )TeR++ of 

statistical experiments, given in (16.41) . is not LAQ at 6 ;= (a,a,h,(I) with scaling matrices 


rOT ■ — 


1 0 
0 e '^/2 


T G 


^++) 


although 

(9.1) 


(A 0 ,t(F, X), Je,T(F, X)) A (Ae, Je) as T ^ oo, 
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with 
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Jr ;= 


In ^^^yndu 


where {yt)teR+ is a CIR process given by the SDE 


dyt = adt + (Ji Y dWt, t G M+, 

with initial value Yo = Vo, where (Wi)igR^ is a standard Wiener process, 


V := \ogy_i/b - log I/O - a - 


<7T 


»-l/6 


yudu, 


0 

y-i/b 


05 


-1 


Zi is a 1-dimensional standard normally distributed random variable, Z 2 is a 2-dimensional 
standard normally distributed random vector such that {y_i/b, yudu), Zi and Z 2 are 

independent, and S is defined in fl6.2p . Moreover, fl2.3p also holds, but fl2.4p is not valid. 

2 

If a G cxoj and a G M are fixed, then the subfamily 




of statistical experiments is LAMN at {b,/3) with scaling matrices := T G M++; 

and with 




CTi (72^ 

[ 0 ) 

_0 a2^/l-g'^_ 



¥) 


S-\ 


Conseguently, the family (C(M+, R^), 5(C'(M+, M^)), {P0_,_g6T/2;^ 7^ : h .2 G M^})TeK++ of statisti¬ 
cal experiments converges to the statistical experiment (R^ x R^^^,5(R^ x + 

J^g^h 2 , J^I^) I P) : /i 2 £ R^}) as T ^ 00 , where h := (0, ^ 2 )''" ^ 


24 





















Proof. We have 
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We have 


/■^dW, , 

= logPr - logi/o + ( y “ ® 


/O -f s 


ds 

-h &T, 

W ’ 


T e 


^++- 


see Barczy and Pap [H Formula (4.10)]. Moreover, 


^bT 


bl \r -tr 

e Yt —)- P, e , 1 s 
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6 ’ 


ds 
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^ r ds 

—y I —, as T ^ oo, 


10 ■'s 


/ Wds 

io ^ -'o 

see Barczy and Pap [H Formulae (4.7) and (4.9)]. Thus, 

^jfo ^ _ log(e^^FT) - log 1/0 , O'? a.s.^ log P- log 1/0 , < 7 ? 

rT ds ^ 2 “ 


(9-2) .T ds rT ds ' 2 " ' r°° 

Jo Va Jo Va Jo 

as T —)■ oo. By Theorem 4 in Ben Alaya and Kebaier [5], 
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- 1/6 j„. ' 2 


r'^xdii 


+ y - a = V. 


25 




































Further, 


Si^VY.dW. Si^VY.dB. 


V 


see Barczy and Pap [3l Formula (7.6)]. Hence we obtain flQ.ip . 


(^1,-^2 


as T —)■ cx), 


It is known that under the condition a G 


e.g., page 442 in Revuz and Yor [18]) and P(/g ^'^^D^sds G M_|_+) = 1 (which has been shown 
in the proof of Theorem 3.1 in Barczy et al. hence fl2.3p holds. 

2 

If a G (^,cxd]) and a G M are hxed, then LAMN property of the subfamily will follow 


, oo), we have P(A’_i/6 G M++) = 1 (see, 


from 
(9.3) 

for all h,2 G M^. We have 

p wi /i 

F/2 = lb exp < ' 


E ( exp <( Jg’h 2 


,T 7 ( 2 ) j 
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a I (72 p 
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= E E exp< 




ai (72 p 

0 (72^1 - 


-1 


by fl8.9p . thus we conclude 


y-i/b 


-1 


hJS~^h2 


y-iE =1 


Finally, we show that fl2.4p is not valid for the whole family {St)t£R++ of statistical 
experiments, given in fl6.4p . i.e., there exists h G M^, such that 


(9.4) 


E (^exp ^ j 
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Indeed, using again fl8.9p . for h = (0,1, 0)"'^ G M x M x we have 


E( exp<( h7Jeh 


= E exp < 


r n T r 
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n -1 r 


a I (T2P 
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= E exp< 


F^l 


(72^1 - 2^2(1 -p2) 
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= exp< 


E exp< 


2c 7|(1 - p2) 

1 /-V6 ^ 


yudu 


2a2(l-p2)j 2al{l-g^)J, 

since, by Lemma 1 in Ben Alaya and Kebaier [1], 


yudu} 7^ 1, 


2a 


E( exp-^ —2p J D^^du ^ I = cosh((Tipt) exp 


r f^yo 
I (^1 


for p, f G 


Appendix 


□ 


A A limit theorem for continuous local martingales 

In what follows we recall a so called stable central limit theorem for multidimensional continuous 
local martingales. 

A.l Theorem, (van Zanten | I21L Theorem 4.1]) Let (Q, y, be a filtered 

probability space satisfying the usual conditions. Let be a d-dimensional continuous 

local martingale with respect to the filtration {yt)teM.+ such that P(iV4'o = 0) = 1. Suppose 
that there exists a function Q : M+ —)■ such that Q{t) is an invertible (non-random) 

matrix for all t G M+, limi^oo IIQ(^) II = 0 and 

Q{t){M)tQ{t)^ r]rf^ as t ^ oo, 
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where rj is a d x d random matrix. Then, for each -valued random vector v defined on 
P), we have 

{Q{t)Mt,v) {r]Z,v) as t ^ oo, 

where Z is a d-dimensional standard normally distributed random vector independent of 

We note that Theorem lA.ll remains true if the function Q is dehned only on an interval 

[to,C)o) with some to ^ I^++- 
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